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C. Connaughton et ol./ Physica D 184 {2003} 64-85

Total Entropy Production
Entropy Flux
Bulk Entropy Creation

i
;

l

G 1 %-1/3 %
Slope of spectrum

B LMot of the bulk entropy production, 7. the entropy flux. X. and the total entropy production. §. as a function of the exposent. 1. of the
quren for power Law spectra, n,, = cw ™.

P=3 (- I)x — {xq — _{))w"""_‘h, {3
T=d(x~ 1) 2eto-b-2 i (32}
e ) &)
: R 3 1

i= = + T = 9c Ix(x — 1)(x — xg) (.t - (xo - s)) w o2 34)

iy expressions, which have the same zeros (as functions of x) obtain for the case when the differential approx-
meion s replaced by the full collision integral. In particular, we note that the entropy production rate is always
witve (we assume xg > 4/3)for 1 < x < xg — 1/3 and for x > xg, the K-Z exponents for particles and energy,
spectively. The relevant functions are plotted in Fig. 1. For xg — 1/3 < x < xq. the entropy production rate is
tgauve. This corresponds to a situation when the particle flux is building a condensate state [9].

Numerical observations of non-stationary spectra

Letus now turn our atiention to non-stationary solutions of (13). In particular, we are interested in how the K-Z
ectra are set up if we begin from an initial condition which is compactly supported at low frequencies. Early work
1this question focussing on the direct cascade by Falkovich and Shafareako {5) suggested that the K-Z spectrum
wtup by a nonlinear front which propagates to the right leaving the K-Z spectrum in its wake. Recent numerical
dies by Galtier et al. [6] suggest that this problem is more subtie. They found that in the case where the K-Z
ugy spectrum has finite capacity, the approach to the steady-state proceeds by a different mechanism. For this
%em the nonlinear front reaches infinite frequency within a finite time, r*. They found that the guasi-stationary
xtum in the wake of this front was actually steeper than the K-Z spectrum. The K-Z spectrum was then set up
wright to left after the front reached infinity.

We investigated whether there was evidence of this behaviour in the solutions of the differential kinetic equation.
1sotved the differential kinetic equation numerically and followed the evolution from an initial condition com-
Ay supported at low frequencies. The results presented in this section were obtained by allowing the initial data
¥cay freety in the absence of forcing or damping. Some details of the numerical methods used are contained in
perdlix B.
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Figure 12. Temporal evolution of the energy spectrum E 1(k1,0) of the shear-Alfvén waves
around the catastrophic time ty = 1.544. (a) For t < to, with ¢ = 1.50 (dots), 1.53 (dash—dots).
1.54 {short dashes), 1.542 (long dashes) and 1.543 (solid), a k"/* spectrum is observed. (1)
For t 3 ts, with t = 1.544 (solid), 1.546 (long dashes), 1.548 (short dashes), 1.55 (dash—duots)
and 1.58 {dots), a fast change of the slope appears to give finally a k72 spectrum. Note that
this change propagates from small scales to large scales. In both cases, straight lines follow
either a k7"? or a k7? law.

It is only when the dissipative scale is reached, at 1y, that a remarkable effect ix

observed: in a very fast time, the kIUa solution turns into the finite energy flux
spectrum k1 ?, with a change of the slope propagating from small scales to larur
scales.

Note that this picture is different from the scenario proposed by Falkovich anil
Shafarenko (1991, hereinafter FS) for the finite-capacity spectra. In an examji-
considered by FS, the Kolmogorov spectrum forms right behind the propagatin,
front, whereas in our case it forms only after the front reaches infinite wavenum -
(i.e. the dissipative region). The front propagation can be described in terms of =l
similar solutions having the form (Falkovich and Shafarenko 1991: Zakharov ct !
1992):

1 k
Ei(k1,0)= —Eo{ =], (7
Te ]
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Fig. 3. Measuring the dynamical exponent b for (A) infinite capacity case, A = 0
and (B) finite capacity case, A= 2.. :

Figure 2 shows the numerical solutions for an infinite capacity case and a finite
acapacity case. Both show the propogation- of the front described here with
#oower law scaling in the wake. We now turn to the numerical measurement of

hﬂ*-_h“

t.l. T b 1 13 | s E ] ]
il

'Fig. 4. Exponent, z, of the transient gpectrum for a range of values of A.
6 Conclusions ' '

We conclude that the finite capacity anomaly is a genuine feature of the tran-
sient spectrum for finite capacity systems. it is not a by-product of some
pecualiarity of the MHD equations studied by Galtier et al or of the rather
drastic differential approximation which we used to study this phenomenon in
earlier work {4].
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